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ing. This generally results in smaller values of both the

propagation constant and the surface transfer inductance.
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Single and Multiaperature
Coupling Theory, Including

Explanation of Mutual Interactions
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#@tWt-BStfW’S snudf apertureCOUPfing theory, modified by * for

- COOPffng~ h ~PKWa by fnchwfhg eorrecdon term ob-
tdned by averagfng the fields over the large aperture. Additionally, ioclu-

sfon of nonempfrieaf thknesa wrrection factors derived previously by
McDonald gfve coupffng formufas which result in Wxwe&af -o~
far muMa@ure couplers substantially in exd agreement with experi-

ment (cormdhg snmff dfserepancks previowly noted by the author in a
1968 paper). Tlds agreement fs now so close that it becomes possible both
to identify and explafn the mutuaf interaction effects between closely

_ RP* h mdbwerke couplers. It is ahmm that the mutuaf
interaction k due to contradhed onaf (or kwkward) waves fn the sec-

ondary JUQ so tlmt nudthperhw fnteractiom are manffeated as effrnina-
tion of the seff-interactfona of the individual apertures (sfnce the high

dlrectfvfty of typicaf multiaperture couplers fmpks negligible bxkward
wave amplitude).

I. INTRODUCTION

T HE THEORY OF microwave coupling by large aper-

tures has developed in a number of stages, originating

in Bethe’s small aperture coupling theory of 1943 [1], [2].

A major extension of Bethe’s work has been described by
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Orlando, FL.
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Natickj MA 01760.

Cohn in 1952 [3], and enabled the theory to be applied to

large apertures of finite thickness. Cohn recognized that a

coupling aperture between two waveguides has an equiv-

alent circuit representation involving lossless impedances,

which must therefore obey Foster’s reactance theorem.

Hence to take account of the aperture resonance, the

impedance was modified simply by inclusion of a factor

(1 –f*/j#), where ~ is frequency and & the resonant

frequency of the aperture. The effect of finite thickness

was taken into account by treating the aperture as a finite

length of waveguide beyond cutoff. However it was noted

that this thickness correction was somewhat empirical,

and “effective thickness” factors had to be included to

give reasonable agreement between theory and experi-

ment.

The Bethe-Cohn theory was applied to the analysis and

synthesis of inultiaperture waveguide directional couplers

by the author in 1968 [4]. It was shown to give excellent

results for predicting the directivity of multiaperture cou-

plers, and the coupling could be predicted to within 0.3

dB over most of a complete waveguide band. On the other

hand, at high frequencies, between j/& values of 1.6 and

1,8, the discrepancy in coupling increased gradually from

(typically) 0.3 dB to 0.7 dB, independently of the absolute
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coupling value or the number of coupling apertures. A

second unsatisfactory feature was the inclusion of the

empirical correction factor for finite coupling wall thick-

ness, a factor which was obtained by matching the theory

of the experimental results to a considerable extent.

Hence one could justifiably question the validity of the

original theoretical basis, even though the design tech-

nique was superior to previous methods.

Fortunately, the thickness correction factor has now

been obtained rigorously in a paper by McDonald [5] and

it will be shown that inclusion of his thickness correction

factors in a modified Bethe–Cohn aperture coupling the-

ory gives precise results, requiring no empirical adjust-

ments.

Meanwhile, a number of papers by Pandharipande and

Das have been published, e.g., [6] which describes the

coupling of a long rectangular transverse slot in the com-

mon broad wall between two rectangular waveguides.

This work has the merit that there is no recourse to

measured polarizabilities for slot apertures, whereas ap-

plication of Bethe’s method to slot coupling requires use

of Cohn’s measured polarizability data [7]. On the other

hand, it should be noted that exact polarizability formulas

are known for circular and elliptically shaped apertures

[2]. A noteworthy result from [6] is the appearance of the

Cohn apertures resonance factor (1 –~2/~~) as a natur~

consequence of the theory. Unfortunately it appears that

this work may be valid only for slots near resonance [8],

[9]. The evidence is conflicting, but the experimental re-

sults shown in [9, fig. 1] are clearly in error for small slot

lengths. For example a centered transverse slot of length 5

mm, width 1 mm, and wall thickness 1.58 mm in WR90

has a coupling of about 55 dB rather than the 40 dB

indicated in [9, fig. 1]. A second disadvantage is the

apparent lack of generality of this theory, since each

distinct aperture shape or field excitation involves solution

of a fresh complex mathematical problem. The method

does not build upon previous work, and thus no results

are available for circular coupling apertures, where exact

aperture polarizabilities are given by Bethe [2].

The approach adopted in this paper is to modify the

Bethe–Cohn theory in order to correct the frequency

dependence of the coupling. In this way it is possible to

retain the work of the past few decades, thus avoiding

adoption of radically different and more complex

methods. An unexpected benefit resulting from the modi-

fication is a solution to the problem of mutual interaction

between coupling apertures. This leads to a further con-

clusion that any future competitive theory must also be

capable of taking this interaction into account.

II. MODIFIED BETHE–COHN AFERTURE COUPLING

THEORY

A basic premise of the original Bethe theory was the

assumption of an aperture small compared to a wave-

length, so that the field could be considered as uniform

Fig. 1. Illustration of Bethe’s smti-aperture coupfing theory for rect-
angular waveguides.

over the aperture. The introduction of the aperture reso-

nance term by Cohn results in a great improvement by

guaranteeing correct results in the limiting cases of small

apertures and resonant apertures. There is a significant

improvement for intermediate cases also, but there seems

little reason to assume that the theory will be precise for

such cases.

Now Bethe’s theory assumes that the coupling is ex-

pressed in terms of electric and magnetic dipoles excited

by fields which would be present at the aperture if it were

not there. A natural extension is surely to average the field

over the cross section of the aperture, resulting in a

further correction term in addition to that derived by

Cohn. This averaging process will not affect the limiting

cases of infinitesimally small and resonant apertures. The

derivation of the aperture polarizabilities involves integra-

tion of fields over the surface of the aperture, e.g., [10,

p. 289, eq. (56)], but previous authors assumed the aper-

ture to be small and the field was taken as a constant in

evaluating the integral. Hence averaging the field over the

aperture surface would be expected to give a closer ap-

proximation to the true situation.

The simplest way to describe the field averaging tech-

nique is by means of examples. Initially Bethe’s equations

will be reviewed for the single aperture shown in Fig. 1. A

single aperture may consist of one or more holes or slots

on a transverse plane, i.e., centered at z = O. Assuming

rectangular waveguides propagating the dominant Hlo

mode, the expressions for the forward-coupled wave A,3

and the contradirectional or backward-coupled wave A It

are

(1)

where the plus sign is taken for A 13and the minus sign for

A ~y Mx and Mz are the components of the magnetic

polarizability of the aperture in the x and z directions,

and P is the electric polarizability; H:’) is the magnitude

of the x component of the magnetic vector in the first

guide evaluated at the center of the aperture, while H~2) is

the corresponding quantity defined for the second guide,

assuming that the unit amplitude wave was incident in it.

The definitions for the other field quantities in (1) are

similar. When the guides are identical, H:’) = H~2) = Hx,
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etc., and the values of the field components are given by

HX= –sin~”e–jYz

A*
H. =J% cos~ .e–jyz

Ey = ~sin~.e-Jyz (2)

where the wave is traveling in the positive z direction.

Substitution of these expressions in (1) gives the following

equation for the forward- and backward-coupled waves at

the aperture, i.e., at z = O:

A ,3

1[

.* .2TX ~ 2 Zwx

A 12 ‘Jab& ()
~ Cos —

‘Mxsin T+MZ 2a a

For small apertures the polarizabilities MX, M=, and Py are

frequency-independent quantities having the dimensions

of volume. In the original paper [4] it is shown that the

various terms in (3) correspond to discrete equivalent

circuit elements in series or shunt with two waveguides.

An equivalent circuit is formed which enables analysis of

multiaperture couplers to be carried out. This results also

in expressions for the waves A ~~ and A Id of Fig. 1 to be

derived. Large aperture effects are taken into account

using a correction factor [4, eq. (12)] by which the aper-

ture polarizabilities are multiplied, given by

K(M)=
tan(mj/2fO)

mf/2fo
.expl-+!-$-$ ] (4)

The first term in (4), introduced by Cohn [3], takes

account of the effects of aperture resonant frequew fo,

and is preferred to the alternate form 1/(1 – f 2/f~) since

it seems more appropriate for a distributed circuit. The

exponential term corrects for finite thickness t of the

coupling wall, where A is an empirical factor which takes

into account an apparent extra electrical thickness of the

coupling wall. In the case of circular holes it was de-

termined that A is a function of the hole diameter D, i.e.,

At=aD+t (5)

where a is a constant -0.065 [4, eq. (15)]. This expression

has now been justified by a solution of the problem of a

small aperture of finite thickness by McDonald [5], an

important advance which will be discussed in the Appen-

dix. Henceforth it will be assumed that McDonald’s ex-

pression for A replaces that given by (5). In the case of

long slots a similar McDonald expression is used.

For the first example of the field-averaging technique,

consider an aperture consisting of transverse and longitu-

dinal slots in the common wall of two identical coupled

waveguides, as shown in Fig. 2. Dealing first with the

centered transverse slot, the coupling is mainly via the HX

field if the slot width w is small. Referring to (1) it is seen

Iwr

---EtT
,,.,2

i

+,---/

Fig. 2. Longitudinal and transverse slots coupling common broad watl
of two waveguides (slots need not be identical).

that the coupling depends on a field H~l).Hj2) = H.$, with

Hx given by (2). This is now to be averaged over the slot

to give an additional field averaging correction factor

1

(

~ + sin(7rL/a).—
2 )~L/a “

(6)

The case of the narrow longitudinal slot is somewhat

different, since the main coupling is via the Hz field

component. Conventionally the exponential term is

ignored, but in the averaging procedure it is necessary to

consider the instantaneous sinusoidal variation of the field

over the aperture in the direction of propagation z. Hence

the z variation must be taken as cos(27rz/&), with z = O at

the center of the slot. Finally the averaging factor for HZ2

is given by

A(H;)= ~’” COS2~ dz/~L’2 dz
– ‘/2 – ‘/2

(; 1+
sin(2nL/&)

.—

)
27rL/~ “

(7)

A significant difference between A (H;) and A (H:) now
appears, since A (H:) represents a small frequency-

independent attenuation, whereas A (Hzz) represents

frequency-dependent attenuation.

The standard correction factor (4) is now modified

simply by multiplication by the appropriate additional

correction factor (6) or (7). These are always <1, so that

weaker coupling is predicted compared with the unmod-

ified Bethe–Cohn theory. In the case of apertures having

finite dimensions in the z direction, an additional

frequency dependence occurs. This results in looser cou-

pling at higher frequencies, as required experimentally.
In cases where the apertures have more complicated

shapes than the simple rectangles of Fig. 2, e.g., round-

ended slots, it may be necessary to carry out the integra-
tion numerically, but this is easily incorporated in a com-

puter program. Since practical coupling slots are often

quite wide it is also desirable to take all three field

components into account, and if incorporated within the
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Fig. 4. WR430six-aperture coupIer(cf. [4, fig. 12]).

computer program this scarcely complicates practical im-

plementations.

The more general averaging is illustrated by the popular

circular coupling aperture shown in Fig. 3. Here the

averaging factor for the HX field is given by

where the double integrations are performed over the

surface of the aperture. Similar expressions may be stated

for the Hz and Ey field components.

HI. PRACTICm RESULTS

The new field-averaging correction factors combined

with McDonald’s thickness correction factor give theoreti-

cal results which are in agreement with experiment within

experimental error. This statement has been proven for a

majority of the cases examined in all waveguide sizes, for

coupling values ranging from 3 dB through 50 dB, for

apertures consisting of circular holes or round-ended slots,

and for any number of apertures in the range 3–30. (The

results for one or two apertures are exceptional, and lead

to significant conclusions described later.)

A typical example is the six-aperture WR-430 12.5 dB

broad-wall coupler given previously in 1968, [4, fig. 12].

This is reproduced in Fig. 4 with the addition of the latest

theory (derived in 1978), and shows agreement for cou-

pling to within 0.1 dB across the entire waveguide band.

The diameters of the apertures in this symmetrical coupler

are 1.08, 1.419, and 1.589 in from end to center, with a

spacing of 1.917 in. It is seen that the apertures are of

appreciable size relative to the quarter-wavelength spac-

ing, yet the directivity is greater than 43 dB over the band

[4, fig. 12].

It will be apparent that results for absolute coupling will

not always be as precisely defined as k 0.1 dB in practice,

particularly for couplers made in small waveguide sizes.

Errors in coupling as large as 0.4 dB maybe encountered,

but it should be realized that this can be produced by a

coupling wall thickness change of only 0.003 in. Coupling

changes of this order are frequently noted in measure-

ments made before and after brazing, indicating the prac-

tical tolerance problems encountered, A tolerance of
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Fig. 5. WR90 15-aperture coupler using transverse and longitudinal
slots in the common broad wall.

~ ().001 in on slot or hole dimensions of the order of ().4 in

may cause an error of approximately A 0.1 dB in cou-

pling, provided that the tolerance errors are all in the

same direction. Discrepancies may arise also due to either

burrs or rounded edges on the apertures, these being

equivalent to an effective change in common wall thick-

ness. Fortunately the very important minimum-coupling

frequency appears to be well predicted in all cases, so that

the coupling “balance” is unaffected by tolerances.

A second example illustrating the use of transverse and

longitudinal slots [7] is shown in Fig. 5, and here the

agreement between theory and experiment is better than

0,2 dB in absolute terms, or *O. 1 dB if the absolute

coupling value is adjusted by 0.1 dB.

These results have been obtained using a theory which

contains no empirical factors. McDonald’s theory for

thick apertures combined with the field-averaging factors

eliminates the previous rather unsatisfactory empirical

corrections. Although McDonald’s thick aperture theory

[5] had been available for several years, it was difficult to

apply while the theoretical coupling curves were displaced
in frequency from the experimentally determined vales. It

requires the field averaging correction to prove its validity,

and vice versa.

IV. THE MUTUAL INTERACTION PROBLEM IN

MULTIAPERTURE COUPLBRS

It is now interesting to apply the latest theory to direc-

tional couplers consisting of a single aperture. In the 1968

paper this was carried out for transverse double-hole

apertures [4, fig. 6] of four different sizes (the double-hole

is equivalent to a single aperture in the sense of having an

equivalent circuit lumped at one point, i.e., at z = O). The

agreement between theory and experiment then was no

worse than *0.35 dB, but it must be recalled that the

theory was made to fit the experiment as closely as

possible by adjusting the empirical function for the effec-

tive thickness factor (5). When the 1968 theory was ap-

plied to multiaperture couplers the deviation between

theory and experiment became worse (e.g. Fig. 4 of this

paper, 1968 theory). We have seen that for multiaperture

couplers this error is substantially reduced by application

of field averaging.

A comparison between theory and experiment for the

same set of single aperture couplers presented in 1968 is

now shown in Fig. 6 for the new (1978) theory. The

experimental data was repeated to confirm the earlier

measurements, and no significant differences were ob-

served. It is surprising to observe the increased deviation

between theory and experiment as the apertures increase

in size, the deviation being t 0.6 dB for the 0.282-in

diameter holes, compared with &0.35 dB for the 1968

results. Yet the 1978 results predict multiaperture couplers

containing similar size holes almost perfectly, whereas the

1968 results are comparatively poor for multiaperture

couplers. This paradox is further illustrated in the results
of Fig. 7 which show the results of cascading sets of

apertures, all having the 0.282-in diameter. The single

aperture result is repeated, and compared with results for

two and three apertures. As expected the agreement be-

tween theory and experiment improves as the number of

apertures cascaded is increased, since it is known in
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Fig. 6. Coupling of a single set of double-hole apertures.

advance that multiaperture couplers are predicted ahnost

perfectly.

The solution of this paradox becomes probable after

one observes the relationship between the measured

minimum directivity (occurring at the high frequency end

of the band) and the coupling deviations. These are shown

in Fig. 7, and indicate a substantial improvement in

coupling accuracy as the directivity increases. The experi-

ment was repeated with apertures having a different trans-

verse spacing where the directivity is considerably better,

as shown in Fig. 8, For these cases the directivity curve is

approximately balanced, i.e., the directivity reaches its

worst value at either end of the band. It is observed that

the coupling deviation is improved for both the one- and

two- aperture cases as compared with the corresponding

cases of Fig. 7. The relationship between the minimum

directivity and the coupling deviation forms a smooth

curve, Fig. 9, where the results from both Figs. 7 and S

have been plotted.

It seems clear that the new theory has taken the effect

of aperture interactions into account, but requires high

directivity to give good results. When the directivity is

poor, there is a contradirectional or backward wave in the

secondary arm which interferes with the assumed form of

electromagnetic field in the aperture, namely that which

would be present if the aperture were not there. When a

few apertures are cascaded, the directivity is improved

and the effect is to regularize the fields on either side of

the aperture. This is simply the condition under which the
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field averaging process may be expected to give excellent

results. It is remarkable that in this explanation of aper-

ture interaction it is the single aperture which is to be

regarded as inherently self-interacting, and the multiaper-

ture “interaction” is explained as a reduction to zero of the

self- interaction.

It is expected that this result should prove to be a

challenge to other workers who prefer a more rigorous

electromagnetic approach than that adopted here. Any

subsequent theory must be capable of explaining the
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Fig. 10. (a) Broad-wall single-hole single-aperture coupler. (b)
Double-hole single aperture coupler.

aperture interaction effects. Any theory based on the

single aperture problem must be capable of predicting the

interaction, possibly by identifying a term or sets of terms

in the final expression as responsible for self-interaction

coupling. Additionally, any new theory must take finite

thickness effects properly into account as in [5], a feature

which has been sadly lacking in most previous work.

In the 1968 paper it was conjectured that the effects

described here might be caused by transverse interaction

between holes in a double-hole aperture [4, p. 999]. Indeed

the results for single aperture couplers consisting of a

single coupling hole, as illustrated in Fig. 10(a), show

smaller errors between theory and practice compared with

the corresponding double-hole aperture, shown in Fig.

10(b), even though the directivity is about the same in the

two cases. The hole diameters are all equal in this com-

parison. However the coupling for the single-hole single

aperture is 6 dB less than that of the double-hole single

aperture. Hence the field in the aperture may be expected

to be perturbed less in the single-hole case, i.e., the effect

is dependent on coupling strength as well as directivity.

This assumption is reinforced by the observation that the

results for multiaperture couplers consisting of a single

row of holes are predicted as well as those for the double

row cases. It is also worth noting that the coupler of Fig. 5

uses triple slot apertures, with two longitudinal slots for

each centered transverse slot. These facts indicate that the

transverse interaction effects are probably negligible, and

the measurements are consistent with the self-interaction

theory.

V. CONCLUSIONS

The Bethe-Cohn theory for large aperture waveguide

couplers may be improved and refined by taking account

of the field variations over the surface of the coupling

aperture. In conjunction with McDonald’s thick-aperture

theory this results in a highly precise method for analysis

(and hence synthesis) of multiaperture couplers, with cou-

pling prediction typically within 0.2 dB of practice. The

improved precision leads to identification of mutual inter-

action effects in multiaperture couplers, and to the con-

clusion that these are to be regarded as a reduction to zero

of (quantitatively unidentified) self-interaction terms

which are inherent to the individual apertures, rather than

to conventional evanescent field interactions.

Further work in this general area of large aperture

coupling would include effects of the side walls of the

waveguide (probably rather small, and similar to trans-

verse interaction), and coupling between waveguides and

resonant cavities, etc. In the latter case there is no directi-

vity concept as in the case of a four-port network, and

different considerations may apply when evaluating the

field-averaging technique. Identification of the self-inter-

action effect for a single aperture and prediction of the

single-aperture coupling characteristics would be interest-

ing.

VI. APP~NDIX

MCDONALD THICK-APERTURE THEORY

The McDonald thick-aperture coupling theory is de-

rived for very small apertures, and gives results which are

stated as exact in the limit when the aperture dimensions

tend to zero [5, p. 12]. In the case of a circular coupling

hole of radius R and thickness t the electric and magnetic

polarizabilities are given by

P=– CER3

M= C~R3 (9)

where

C== Fe=” ~exp ( – 2.4048 t/R ] (10)

C~=FC~” ~exp (– 1.8421 t/R). (11)

c~, FC~ are functions of the coupling wall thickness t,F

and are unity for t = O. As t increases FC~ becomes

asymptotic to 0.825 and FC~ to 0.839. Hence these factors

give an effective wall thickness which is larger than the

actual wall thickness (assuming use of the simple ex-

ponential evanescent mode decay term), as expected.

Equation8 (10) and(11) are seen to be frequency indepen-
dent, because the aperture is assumed to be so small that

the guide wavelength beyond cutoff in the aperture is

equal to the aperture cutoff wavelength. In the case of

large apertures it is necessary to modify McDonald’s

theory by using the correct frequency dependence, and
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(9)-(1 1) become

,=;R3exp[-yJJ2#-] w

M=+R3exp[-flmt~] (13)

j & are the cutoff frequencies and wave-where f~~,~~=, ~m?
lengths for the Elo and HI, modes, respectively, i.e.,

&,=2.613R (14)

Acm= 3.412R. (15)

A, and Am are derived from curves given by McDonald,

e.g., [5, fig. 5], and these may be fitted to the following

piecewise linear approximations:

{

~ _ 10~( – 1.0551 t/R –0.23657), for t/R >0.2
E-

10~( – 1.3992 t/R –0.1675), for t/R <0.2

(16)

{

~ _ 10~( –0.80485f/R +0.0594), for t/R >0.2
H—

10~(- 1.14148 t/R+ O.1268), for t/R <0.2.

(17)

Now to derive Ae (for example), we form the equivalence

(18)

Hence for t/R >0.2, we have

–2trAet

2.613R [(
=ln :“1OT – 1“:51 t – 0.23657

)]
(19)

leading to

Act= l.0103t+0.0579R, for t/R >0.2. (20)

Similarly we have

–2rAmt

[(

– 0.80485t + 00594

3,412R )]
=ln ~“10~ R . ,

for ~ >0.2 (21)

giving

A~t = 1.0064t +0.0819R, for t/R >0.2. (22)

The expressions for t/R <0.2 are derived similarly. For

most commonly used apertures the condition t/R >0.2

will be satisfied.
It must be noted carefully that (12) and (13) give the

correction effect for finite thickness only. The Cohn large

aperture correction term as in (4) and the field-averaging

term as, for example, in (8) must also be included. All

terms are simply multiplied together to give the overall

effective aperture polarizability.

It is interesting to compare the thickness correction

factors of (20) and (22) to the empirical relationship used

in the 1968 paper, [4, eq. (15)] and (5). The field-averaging

correction process gives an attenuation which has the

effect of decreasing the value of a in the empirical rela-

tionship, and prior to the incorporation of McDonald’s

theory it was established that a should be reduced to

approximately 0.03 to 0.04 in order to give the correct

absolute coupling value. Expressed in terms of radius

rather than diameter, we have the approximate relation-

ship

At= t i- 0.O’7R. (23)

This equation was derived before the derivation of the

extended McDonald correction factors (20) and (22), and

was tested on many practical cases. The theoretically

justified McDonald factors give even closer agreement on

average between theory and experiment. The justification

of the earlier empirical expression is one of the most

satisfying aspects of this development.

Similar effective thickness factors for rectangular slots

may be derived from McDonald’s results [5, p. 12].
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